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Abstract. In this article an expression is derived for the finite-size corrections to the excess 
chemical potential in an N-particle system with periodic boundary conditions. The leading 
N-dependence of the chemical potential is predicted to be proportional to 1 / N .  We derive a 
simple expression relating the coefficient of this 1,”-term to the compressibility of the 
system. 

In order to test the present predictions, Monte Carlo simulations were performed in 
which the chemical potential of the hard-sphere fluid and of the Lennard-Jones fluid were 
calculated using the Widom particle insertion method. The results of these simulations are 
in excellent agreement with the predicted N-dependence. 

1. Introduction 

The chemical potential of a (one-component) system is equal to the change of the free 
energy caused by the addition of a particle to the system. An explicit expression for the 
excess chemical potential p e x  of a system at constant N ,  V ,  T was derived by Widom 
[l] in 1963. This expression relates p e x  to the average value of the Boltzmann factor 
exp(-p A V )  associated with the random insertion of a test particle into the N ,  V ,  T 
system: 

pex = W P )  log(exP(-PAU+))N,v.T (1) 
where AU+ is the interaction energy of the test particle with the remaining N particles. 

Equation (1) can be used to compute the excess chemical potential in a N ,  V ,  TMonte 
Carlo simulation. This was first done by A d a m  [2] who applied (1) to a fluid of hard 
spheres. Another atomic system that has been studied extensively using the Widom 
method is the Lennard-Jones fluid [3-51. Widom’s original expression (equation (1) )  
was derived for the N ,  V ,  T ensemble. The corresponding expression for the excess 
chemical potential in the N ,  V ,  E ensemble is derived in [ 6 ] ,  for the N ,  P ,  T ensemble in 
[7,8],  and for the Gibbs ensemble in [ 9 ] .  

The excess chemical potential measured by the Widom particle insertion method 
exhibits a strong N-dependence. This fact has been pointed out by many authors, starting 
with Adams [ 2 ] ,  and more recently by Heinbuch and Fischer [4] for the Lennard-Jones 
fluid. However, to our knowledge, a quantitative estimate of this N-dependence is lack- 
ing. One reason is that there are in fact several mechanisms that contribute to the system 
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size dependence of the chemical potential. In this article we derive an expression that 
predicts a 1,”-dependence for what we believe to be the most important corrections to 
the excess chemical potential in finite systems. The derivation of this expression is given 
in the next section. In § 3 this expression is compared with Monte Carlo results for a 
hard-sphere fluid and Lennard-Jones fluid. 

2. Particle insertion in an infinite periodic system 

Our derivation of the finite-size corrections to the excess chemical potential (pex) is 
based on an elegant derivation of the Ornstein-Zernike compressibility relation that was 
recently given by Vrij [lo]. The basic idea behind Vrij’s derivation of the Ornstein- 
Zernike equation [ll] is the following. Consider a fluid in a large but finite volume V 
separated by a semi-permeable membrane from a large reservoir. The fluid particles can 
cross the membrane. Now we add to the volume V a test particle, identical to the other 
fluid molecules, but for the fact that it cannot cross the membrane. This test particle will 
displace a certain number of fluid molecules. The total change in the number of fluid 
molecules in volume Vis given by v :  

v = 4np drr2h(r )  (2) loX 
where h(r) = g(r) - 1 and p is the fluid density. Vrij then proceeds to derive the 
Ornstein-Zernike compressibility relation: 

1 + v = kT(ap /dP)T .  (3) 
Now consider the same insertion of a test particle in the context of the chemical 

potential. Again, we start from the usual definitions of the chemical potential p = 
( d F / d N ) , , .  However, instead of relatingp to the average value of the Boltzmann factor 
of a test particle inserted at a random position in the system, it is now more convenient 
to interpret p as the reversible work needed to add an additional particle to the system. 
In this picture, pex is equal to the reversible work that we must perform if we slowly 
switch on the interactions between this particle and the Nparticles already present in the 
system. What is the difference if we insert the particle in a finite volume V that is part of 
an infinite periodic system? The main difference with the infinite-system case is that no 
particles canpow out of uolume V. This constraint increases the reversible work needed 
to insert a particle. The easiest way to estimate this excess reversible work needed to 
insert a particle is to consider a process where we first add a test particle to a volume V 
in open contact with a reservoir. Next, we compute the reversible work ApF needed to 
recompress the particles that were pushedout of thevolume Vback intoit. This additional 
reversible work is our estimate for the N-dependent correction to pex. 

Let us denote the number of particles that must be recompressed into the volume V 
by A N ;  then: 
A/LF = - p b a t h  A N  + (aF(N) /dN)v , ,  A N  + a ( d 2 F ( N ) / d N 2 ) v , ,  A N 2  + .  . . 

= t ( a 2 ~ ( ~ ) / a ~ * ) ~ , ,   AN^ + O ( A N ~ )  (4) 
where F(N) is the Helmholtz free energy of a system of N particles in volume V at 
temperature T ,  and where we have used the fact that in equilibrium the first and second 
terms on the right-hand side of the top line of (4) cancel. To lowest order in A N  we find 
therefore that ApZ is given by 

ApZ = I(d2F(N)/dN2)V,T A N 2  = t ( d , ~ / d N ) ~ , ~  AN2 = (1/2N)(dP/dp)v,T A N 2 .  ( 5 )  
In the last equality in ( 5 )  we have used the Gibbs-Duhem relation. Finally we use the 
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fact that A N  = v (see equation (2)) and we use the Ornstein-Zernike relation (equation 
(3)). We then find that to leading order in 1/N, the finite-size correction to the excess 
chemical potential is given by 

APZ = ( 1 / 2 N ) ( w m " , T [ 1  - ~ W P / ~ P ) T I 2 .  (6) 
Note first of all that equation (6) does indeed predict a 1/N-dependence of the finite- 

size correction to the chemical potential and, more importantly, that this correction can 
be evaluated explicitly from knowledge of the compressibility of the system. Equation 
(6) is the central result of this paper. From this equation, the leading N-dependence in 
other thermodynamic quantities, such as Fe' and Pex is easily derived. In particular, to 
derive the corresponding finite-size corrections to the excess Helmholtz free energy Fe', 
we use the thermodynamic relation 

[(aF"/lv)/@l/v)IN,T = ( a P F e X / m N , T  = Gex (7) 
for a one-component system where Gex = pex, the finite-size correction to Fe', A F Z  is 
related to A p Z  in (6) by 

( d P  AFeNx/mN.T = (1/2"~/dP)".T[1 - k 7 V P / W T l 2 .  (8) 
At p = 0, A F Z  vanishes. Hence we can compute AF? at finite p simply by integrating 
from p = 0: 

Given the equation of state, equation (9) yields an explicit expression for A F Z .  This 
expression in turn can be used to compute the finite-size corrections to Pex = P - Pid. 

3. Comparison with computer simulations 

In order to test the expression for the N-dependence of the excess chemical potential for 
finite periodic systems, as derived in the previous section, we performed Monte Carlo 
simulations in the N ,  V ,  T ensemble on a hard-sphere fluid and a Lennard-Jones fluid. 

3.1. Hard-sphere fluid 

In the case of a hard-sphere fluid the pair potential is given by 

r < a  

r 2  a. 
Therefore the energy of a test particle is either or 0 and (exp-( - p  A V ) )  is equal to 
the probability P of placing a sphere into the system without overlapping with one of the 
spheres already present in the system. The excess chemical potential is then simply given 
by 

Ppexcess = -log(P)* (11) 
The Monte Carlo simulations were started from an FCC lattice ( N  = 32 and N = 108) 
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Table 1. Summary of the Monte Carlo results for the excess chemical potential of the hard- 
sphere fluid. p* is the reduced density, N is the number of particles, NMc is the number of 
Monte Carlo steps, and Ntry is the number of attempts to insert a test particle. ye" is the excess 
chemical potential. The figure in parentheses is the accuracy of the last digit(s), so 3.894(11) 
means3394 * 0.11. 

0.5 32 6.4 
64 13.4 

108 5.4 
256 

0.6 32 16.0 
64 13.4 

108 5.4 
256 

0.7 32 12.0 
64 16.0 

108 32.0 
256 
864 

20 
80 

120 

30 
50 
80 

60 
100 
180 

3.894(11) 3.885 
3.856(09) 
3.841 ( 10) 

3.832 

5.490(11) 5.457 
5.414(25) 
5.387( 18) 

5.359 

7.645(20) 7.669 
7.515(40) 
7.434( 19) 

7.391 
7.371 

or from a simple cubic lattice ( N  = 64). Cubic periodic boundary conditions were used. 
One Monte Carlo step is defined as one attempt to move a particle. The maximum 
displacement for one Monte Carlo step is chosen in such a way that approximately 30% 
of the Monte Carlo steps were accepted. After equilibration the Monte Carlo process 
consists of the following steps: first one attempt to move each particle successively 
followed by Ntry attempts to insert a test particle at a random position in the simulation 
volume. The accuracy of the simulations was estimated by dividing the total simulation 
into sub-runs. The standard deviations obtained from these block averages were used to 
estimate the standard deviations in the chemical potentials. 

In table 1 the results of the Monte Carlo simulations for p* = 0.5, 0.6 and 0.7 are 
summarised. Comparison with the results of Adams [2] shows reasonable agreement. In 
figure 1 the N-dependence of the chemical potential is shown. These results indicate a 1/ 
N-dependence of the finite-size corrections to the chemical potential, as expected. As 
can be seen from figure 1, the magnitude of the finite-size correction increases with 
density. Note also that these finite-size effects are by no means small for systems with 

In order to make a quantitative comparison with (6) we have used the Carnahan- 
Starling [ l l ]  equation to calculate the compressibility of the hard-sphere fluid. In table 
2 and in figure 1 the results of these calculations are compared with the Monte Carlo 
simulations. The agreement of the Monte Carlo data with the predictions of equation 
(6) is excellent. 

N = O(102). 

3.2. Lennard-Jones fluid 

The Monte Carlo simulations for the Lennard-Jones fluid were started from a FCC lattice. 
The maximum displacement of one Monte Carlo step was chosen in such a way that 
approximately 40% of the attempts were accepted. Cubic periodic boundary conditions 
were used. After equilibration the Monte Carlo simulations were performed in two 
steps: first one attempt to move each particle successively followed by NtIy attempts to 
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1 / N  

Figure 1. The exce: :hemica1 potential (/3pex) of 
a hard-sphere fluid as a function of the reciprocal 
number of particles (l/N), for p* = ( a )  0.5, ( b )  
0.6, and (c) 0.7. The lines are given by/3,uex(N) = 
A / N  + B.  where A is obtained from (6) and B is 
obtained from fitting to the Monte Carlo results. 
Key: 0, this work; A ,  Adams; H, Carnahan- 
Starling. 

Table 2. Comparison of the predicted 1,"dependence of the excess chemical potential for 
a hard-sphere fluid with the Monte Carlo results for various densities. p*(  = pu3) denotes the 
reduceddensity, ApFcs (equation (6)) was calculated using the Carnahan-starling equation 
of state, and Api?MC was obtained from a linear fit to the Monte Carlo data given in table 1. 

0.5 2.9 2.3 ? 0.6 
0.6 4.8 4.7 ? 0.9 
0.7 7.8 9.6 2 1.6 

insert a test particle at a random position. The standard deviations of the chemical 
potential were estimated by dividing the total run into sub-runs and calculating block 
averages. 

Tail corrections were applied by assuming that g ( r )  = 1 for distances larger than the 
cut-off radius RC. We have used half the box size as the cut-off radius. The results of 
Heinbuch and Fischer [4] suggest that the value of the chemical potential depends 
strongly on the cut-off radius. Therefore, we have performed several simulations for 
N = 256 and for N = 500 using smaller cut-off radii (0.5(108/p)'/3 < R' < 0.5(N/p)'/3). 
Within the accuracy of the calculations we could not observe any significant influence of 
the cut-off radius on our results for the chemical potential. 

In table 3 the results of our Monte Carlo simulations for p* = 0.6, 0.7 and 0.8 are 
summarised. Our results are in very good agreement with the results of Deitrick and co- 
workers [5].  However, there is a systematic difference from the results of Heinbuch and 
Fischer [4], which appears to be approximately half the long-tail correction. When this 
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Table 3.  Summary of the Monte Carlo results for the excess chemical potential of the 
Lennard-Jones fluid at T*  = 1.2. p* is the reduced density, N is the number of particles, NMc 
is the number of Monte Carlo steps and pex is the excess chemical potential. The value of the 
excess chemical potential in curly brackets is the corrected value (see the text). The figure 
in parentheses is the accuracy of the last digit(s). 

p* N 10-6NMc N,,, Ppex (this work) Ppex [4] PP [51 

0.20 32 1.9 50 -1.320(6) 
108 8.6 50 -1.326(7) - 1.31{- 1.32) 
500 2.0 1000 -1.339(7) 

0.45 64 1.9 100 -2.386(12) 
108 3.2 125 -2.356(15) 
256 2.3 150 -2.333(42) 

0.6 108 5.4 100 -2.455(26) 
256 2.6 200 -2.431(40) 
500 2.5 300 -2.428(40) 

0.7 108 5.0 150 -1.889(70) - 1.68{ - 1.84} - 1.884 
200 - 1.902 
256 10.2 200 -1.908(40) - 1.87{ - 1.92) 
500 5.0 300 -1.940(30) - 1.86{ - 1.89) - 1.90 

0.8 108 10.8 200 -0.51(17) -0.521 
200 -0.596 
256 5.0 200 -0.56(30) 
500 2.0 1000 -0.58(40) -0.594 

Table 4. Comparison of the predicted 1,”-dependence of the excess chemical potential for 
a Lennard-Jones fluid with the Monte Carlo results for various densities. p* (= pa3)  denotes 
the reduced density, ApFEoS (equation (6)) was calculated using the equation of state of the 
Lennard-Jones fluid given in [ 121, and ApLBMC is obtained from a linear fit to the Monte Carlo 
data given in table 3. 

0.20 -5.1 
0.45 -2.5 
0.60 0.4 
0.70 2.6 
0.80 6.6 

0.5 2 0.3 
-4.6 t 2.5 
-3 + 4 

7 2 6  
9 + 7  

correction is added to the data of [4] good agreement is obtained with the data of [5]  and 
with our results. Furthermore, with this correction added the dependence on the cut-off 
radius noted in [4] disappears. 

These results for the excess chemical potential show that compared with that of a 
hard-sphere fluid the N-dependence is much smaller. It is interesting to make a more 
quantitative comparison of these results with the predictions of equation (6). We have 
used the equation of state given by Nicolas and co-workers [ 121 to estimate the com- 
pressibility of the Lennard-Jones fluid. In table 4 the results of these calculations are 
compared with the Monte Carlo results. Because the N-dependence of the Lennard- 
Jones fluid turned out to be much smaller it would require very extensive calculations to 
confirm the predictions of equation (6) with high accuracy. However, these data clearly 
demonstrate that (6) provides a good estimate for the finite-size corrections to the excess 
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chemical potential for the Lennard-Jones fluid outside the two-phase region. Inside this 
region the present method is not supposed to work. For instance, equation (6) predicts 
that on the spinodal ((dP/ap) = 0)) the correction to Apex  diverges. This is clearly an 
artefact of our implicit assumption that the dominant contribution to 

1 h(r)r2 d r  

comes from short-range correlations. This is clearly not correct at a spinodal. Never- 
theless, it is amusing to note that in the region where aP/ap < 0 in a finite system, we do 
indeed find evidence for a negative correction to pex. 

4. Concluding remarks 

In this article we have derived an expression that predicts a 1,”-dependence of the finite- 
size corrections to the chemical potential of an infinite periodic system. Furthermore, 
comparison with results from Monte Carlo simulations shows that this expression cor- 
rectly predicts the N-dependence of the excess chemical potential of the hard-sphere 
fluid and the Lennard-Jones fluid, as obtained by the Widom particle insertion method. 
Because this expression requires only knowledge of the compressibility of the system it 
can be used directly to correct the results of simulations on a small number of particles 
for finite-size effects. We believe that this result is of considerable practical importance 
for the location of phase coexistence lines by computer simulation. It should be stressed 
that, although the numerical test presented in this paper employed the Widom particle 
insertion method, equation (6) should apply to any measurement of the chemical poten- 
tial in a periodic N-particle system. 
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